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on aaa. princeton. edu/ orf523 . Any typos should be emailed to gh4@princeton.edu.

In this lecture, we see semidefinite programming (SDP) relaxations for nonconvex quadrati-

cally constrained quadratic programming (QCQP). There is a well-known special case which

has an exact SDP formulation – this is known as the S-lemma and will be the subject of

Section 1. After that, we present the relaxations in more generality.

1 The S-lemma

The goal in this section is to solve a QCQP with a single constraint

min.
x

qb(x) (1)

s.t. qa(x) ≥ 0,

where qa, qb : Rn → R are quadratic functions; i.e.,

qa(x) = xTQax+ uTa x+ ca,

qb(x) = xTQbx+ uTb x+ cb.

• This problem is a convex optimization problem if Qb � 0 and Qa � 0.

• In this lecture, however, we will be making no convexity assumptions. Nevertheless,

we show that this nonconvex problem can be solved efficiently. (This, by the way, goes

to show that equating “tractibility” and “convexity” is not automatic!)

• Problem (1) appears in many different areas, such as stability problems in dynamics

and control, the “trust region problem” in nonlinear programming [3], and robust

second order cone programming [1].

What is key to solving problem (1) is the following celebrated result known as the S-lemma

[4].
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Theorem 1 (S-lemma (Yakubovich ’71 [5])). Suppose ∃x̄ ∈ Rn s.t. qa(x̄) > 0. If

∀x, [qa(x) ≥ 0⇒ qb(x) ≥ 0],

then

∃λ ≥ 0, s.t. qb(x) ≥ λqa(x) ∀x.

You can think of the second inequality as a certificate for the first implication.

1.1 Using the S-lemma to reformulate the problem as an SDP

The S-lemma is useful for solving problem (1) as it will allow us to rewrite it as an SDP!

Note that [
min.

x
qb(x)

s.t. qa(x) ≥ 0

]
⇔

[
max γ

s.t. qb(x) ≥ γ whenever qa(x) ≥ 0

]
The latter problem can be rewritten as[

max γ

s.t. [qa(x) ≥ 0]⇒ qb(x)− γ ≥ 0

]
⇔

S−lemma

 maxγ,λ γ

qb(x)− γ ≥ λqa(x) ∀x
λ ≥ 0


Replacing qa and qb by their expressions, we get

max.
γ,λ

γ

xTQbx+ uTb x+ cb − γ ≥ λ(xTQax+ uTa x+ ca) ∀x
λ ≥ 0.

This can be rewritten equivalently in matrix form

max.
γ,λ

γ(
x

1

)T (
Qb − λQa

1
2
(ub − λua)

1
2
(uTb − λuTa ) cb − γ − λca

)(
x

1

)
≥ 0.

Finally, this problem is equivalent to

max.
γ,λ

γ

s.t. M � 0, (2)

λ ≥ 0,
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where

M =

(
Qb − λQa

1
2
(ub − λua)

1
2
(uTb − λuTa ) cb − γ − λca

)
.

This last equivalence has to be justified: (⇐) is trivially true. For (⇒), we need to show

that yTMy ≥ 0 for all y ∈ Rn+1. By contradiction, suppose ∃y such that yTMy < 0. Then,

• if the (n + 1)th coordinate of y is nonzero, then rescale y by this coordinate and we

obtain a contradiction.

• if the (n + 1)th coordinate of y is zero, then by continuity of y → yTMy, there exists

ȳ 6= 0 such that ȳTMȳ < 0 and the (n+ 1)th coordinate is nonzero; this brings us back

to the previous case.

Notice that formulation (2) of problem (1) is an SDP and can be solved efficiently.

1.2 Regularity assumption in the S-lemma

The reqgularity assumption of existence of a point x̄ ∈ Rn s.t. qa(x̄) > 0 in the statement of

the S-lemma is indeed needed as the following example demonstrates.

Example: Let

qa(x) = −x2

qb(x) = −x(x− 1) = −x2 + x.

Then ∀x, qa(x) ≥ 0 ⇒ qb(x) ≥ 0. But we cannot have qb(x) ≥ λqa(x) for some λ ≥ 0.

Suppose that we did; this would mean that

−x2 + x ≥ −λx2, ∀x,

which is impossible as this inequality would be violated around zero since the linear term

there dominates the quadratic term.

The regularity assumption above is in fact easy to check. Rewrite qa in matrix form:

qa(x) =

(
x

1

)T (
Qa ua/2

uTa /2 ca

)(
x

1

)
.
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Then the regularity condition is equivalent to the matrix

Ma :=

(
Qa ua/2

uTa /2 ca

)
having at least one positive eigenvalue.

Proof: (⇐) If there exists a positive eigenvalue, let

(
ω

t

)
be its corresponding eigenvector.

Then, if t 6= 0, take x̄ = 1
t
ω. If t = 0, then by continuity, there exists ε > 0 small enough

such that (
ω

ε

)T

Ma

(
ω

ε

)
> 0,

and the previous argument can be repeated. (⇒) If Ma does not have a positive eigenvalue,

then Ma � 0 and (
x

1

)T

Ma

(
x

1

)
≤ 0

for all x.

1.3 Theorems similar to the S-lemma

The S-lemma is a theorem about strong alternatives – it tells you that exactly one of the

following conditions can be true (under the regularity assumption):

(1) {qa(x) ≥ 0, qb(x) < 0} is feasible

(2) ∃λ ≥ 0 s.t. qb(x) ≥ λqa(x), ∀x.

Recall from Lecture 5 that the Farkas lemmas had a similar flavor for linear inequalities:

{Ax = b, x ≥ 0} is infeasible ⇔ ∃y, s.t. ATy ≤ 0, bTy > 0.

There is in fact a version of the Farkas lemma, called the homogeneous Farkas lemma, which

is even more analogous to the S-lemma (in the linear case):[
aT0 x < 0

aTi x ≥ 0, i = 1, . . . ,m

]
is infeasible ⇔ ∃λi ≥ 0, i = 1, . . . ,m, s.t. a0 =

m∑
i=1

λiai.

Note that all these theorems give “certificates” of infeasibility for a set of inequalities.

Later in the course, we will see the concept of “sum of squares (SOS) optimization” which is a

generalization of the same idea to arbitrary systems of polynomial equations and inequalities.
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1.4 Proof of the S-lemma

Our proof follows [1] with some details filled in.

First, we will prove the S-lemma in the homogeneous case.

Theorem 2 (The homogeneous S-lemma). Consider the quadratic optimization problem:

min.
x

xTBx (3)

s.t. xTAx ≥ 0.

Suppose ∃x̄ s.t. x̄TAx̄ > 0 and suppose that ∀x, xTAx ≥ 0 implies xTBx ≥ 0. Then, ∃λ ≥ 0,

s.t. B � λA.

The proof will crucially use the following lemma which is interesting in its own right.

Lemma 1. Given two symmetric matrices P and Q, if Tr(P ) ≥ 0, and Tr(Q) < 0, then

∃e ∈ Rn s.t. eTPe ≥ 0, but eTQe < 0.

Proof. Let us write Q = UTΛU (where Λ is diagonal and U is orthonormal). Observe that

Tr(Q) = Tr(UTΛU) = Tr(UUTΛ) = Tr(Λ) =: θ < 0.

Let η ∈ Rn be a random vector, whose entries are iid and ±1 with equal probability. Let us

multiply P and Q on both sides by UTη:

• (UTη)TQ(UTη) = ηTUTQUη = ηTΛη = Tr(Λ) = θ < 0, ∀η,

• (UTη)TP (UTη) = ηT (UPUT )η.

Let’s compute the expectation of this latter expression. For a general matrix G ∈ Sn×n,

E[ηTGη] = E[
∑
ij

Gijηiηj] = Tr(G).

So E[ηT (UPUT )η] = Tr(UPUT ) = Tr(UUTP ) = Tr(P ) ≥ 0.

This means that ∃η̄ ∈ {−1, 1}n s.t. (UT η̄)TP (UT η̄) ≥ 0 as otherwise the expectation would

not be nonnegative. We can then take e = UT η̄.
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Proof. (of the homogeneous S-lemma, i.e., Theorem 2) Observe that under the assumptions

of the theorem, the optimal value of (3) is always zero (why?). Consider a new optimization

problem1:

min.
x

xTBx

s.t. xTAx ≥ 0 (4)

xTx = n.

Note that strict feasibility of (3) implies strict feasibility of (4). Indeed, let x be strictly

feasible for (3), then x 6= 0 (x = 0 is not strictly feasible). So one can rescale x to x̃

so that x̃T x̃ = n, but we still have x̃TAx̃ > 0. Also observe that under the assumption

xTAx ≥ 0⇒ xTBx ≥ 0, the optimal value of problem (4) must be nonnegative.

Taking X = xxT , notice that the previous problem is equivalent to

min.
X∈Sn×n

Tr(BX)

s.t. Tr(AX) ≥ 0

Tr(X) = n (5)

X � 0

rank(X) = 1.

We can obtain an SDP relaxation for problem (5) simply by dropping the rank constraint:

min.
X∈Sn×n

Tr(BX)

s.t. Tr(AX) ≥ 0 (6)

Tr(X) = n

X � 0.

The dual of this SDP reads

max.
µ,λ

nµ

λA+ µI � B (7)

λ ≥ 0.

If we argue that

1The reason for adding the new constraint xTx = n will become clear shortly.
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(i) there is no duality gap between (6) and (7),

(ii) the optimal value of (6) is ≥ 0,

then we would be done as the dual program tells us that ∃λ ≥ 0, µ ≥ 0 s.t. B−λA � µI �
0⇒ ∃λ ≥ 0 s.t. B � λA. Let us argue these two claims separately.

(i) To show that there is no duality gap, we show that both problems are strictly feasible.

To see this for the primal, take

X̂ =
x̄x̄T + αI

Tr(x̄x̄T + αI)
n,

where α > 0 is small and x̄ is strictly feasible for (4). Notice that such an X is strictly

feasible. For the dual, it is easy to see that if we fix λ > 0 then we can pick µ negative

enough such that B − λA− µI � 0.

Note that if we had not added the constraint xTx = n to (3), then we would not have

the dual variable µ in 7 which helped us argue that the dual is strictly feasible.

(ii) The optimal value of (6) is nonnegative.

Observe that the feasible set of (6) is compact because positive semidefiniteness of X

implies that ||X||2 ≤ Tr(X) ≤ n. This means that X∗ is achieved. Since X∗ � 0, it

has a Cholesky decomposition X∗ = DDT . We have

Tr(AX∗) = Tr(ADDT ) = Tr(DTAD) ≥ 0,

Tr(BX∗) = Tr(DTBD) =: nθ∗,

where θ∗ is by definition the optimal value of (7) (and (6)) divided by n. Suppose for

the sake of contradiction that we had θ∗ < 0. Then by Lemma 1 (taking P = DTAD

and Q = DTBD) ∃e ∈ Rn s.t.

eTDTADe ≥ 0⇒ (De)TQ(De) ≥ 0

eTDTBDe < 0⇒ (De)TB(De) < 0.

This contradicts the hypothesis of S-lemma (i.e., xTAx ≥ 0 ⇒ xTBx ≥ 0). So θ∗ ≥ 0

and the optimal value of (6) is nonnegative.

This concludes the proof of the homogeneous S-lemma.
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Now, let’s prove the general case. As a reminder, we have two quadratic functions

qa(x) = xTQax+ uTa x+ ca,

qb(x) = xTQbx+ uTb x+ cb.

We are supposing that ∃x̄ ∈ Rn s.t. qa(x̄) > 0 (our regularity assumption). We want to

show that if

∀x, qa(x) ≥ 0⇒ qb(x) ≥ 0,

then

∃λ ∈ R ≥ 0 s.t. qb(x) ≥ λqa(x) ∀x.

Proof. Let us homogenize the polynomials with a new variable t ∈ R:

q̃a(x, t) = xTQax+ uTa xt+ cat
2

q̃b(x, t) = xTQbx+ uTb xt+ cbt
2.

Observe that the regularity assumption is satisfied on q̃a: if ∃x̄ s.t. qa(x̄) > 0, then take the

point (x̄, 1) and observe that q̃a(x̄, 1) > 0.

Claim: For all x, t, q̃a(x, t) ≥ 0⇒ q̃b(x, t) ≥ 0.

Proof: Suppose ∃x, t such that q̃a(x, t) ≥ 0 but q̃b(x, t) < 0.

(1) If t 6= 0, then evaluation at (x
t
, 1) gives a contradiction as it implies the same inequalities

for qa and qb.

(2) If t = 0, and q̃a(x, t) > 0, then by continuity, get a nonzero t and repeat the previous

step.

(3) If t = 0 and q̃a(x, t) = 0. This means that xTQax = 0 and xTQbx < 0. Then change t

slightly to make it nonzero while keeping q̃b < 0. After that, change x to γx for |γ| large

enough so that

• In q̃a, u
T
a (γx)t becomes positive and dominates the constant term, while (γx)TQ(γx)

clearly stays at zero.

• In q̃b, (γx)TQb(γx) becomes large and negative and dominates the other terms.

We can then repeat step (1).
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With this claim established, we can apply the homogeneous S-lemma. This tells us that

∃λ ≥ 0 such that

q̃b(x, t) ≥ λq̃a(x, t) ∀x, t.

Set t = 1 and we get that ∃λ ≥ 0 such that

qb(x) ≥ λqa(x) ∀x.

2 Lower bounds for nonconvex QCQP

2.1 Generalization of the S-lemma

For more than two quadratics, there is no direct analogue of the S-lemma, but we can still

get lower bounds on a general QCQP by applying the same concept. Consider a general

QCQP:

min. xTH0x+ 2cT0 x+ d0

s.t. xTHix+ 2cTi x+ di ≤ 0, i ∈ I, (8)

xTHjx+ 2cTj x+ dj = 0, j ∈ J.

The optimal value of the following SDP gives a lower bound on the optimal value of our

QCQP (why)?

max.
γ,λ∈R|I|,η∈R|J|

γ

s.t. M � 0, (9)

λ ≥ 0,

where

M =

(
H0 +

∑
i∈I λiHi −

∑
j∈J ηjHj c0 +

∑
i∈I λici −

∑
j∈J ηjcj

(c0 +
∑

i∈I λici −
∑

j∈J ηjcj)
T d0 +

∑
i∈I λidi −

∑
j∈J ηjdj − γ

)
.

The S-lemma says that when |J | = 1 and |I| = 0, the lower bound returned by the SDP

is guaranteed to be exact. In other cases, solving the SDP is still valuable as it provides a

lower bound (which may or may not be exact).
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2.2 Rank relaxation for nonconvex QCQP

Consider once again the general QCQP:

min. xTH0x+ 2cT0 x+ d0

s.t. xTHix+ 2cTi x+ di ≤ 0, i ∈ I, (10)

xTHjx+ 2cTj x+ dj = 0, j ∈ J.

Introducing a new variable X ∈ Sn×n, this problem is equivalent to

min.
x,X

Tr(H0X) + 2cT0 x+ d0

s.t. Tr(HiX) + 2cTi x+ di ≤ 0, i ∈ I,
Tr(HjX) + 2cTj x+ dj = 0, j ∈ J,
X = xxT .

We now relax the constraint X = xxT into the convex constraint X � xxT which can

equivalently be written by taking the Schur complement as(
X x

xT 1

)
� 0.

Hence, (10) can be relaxed to an SDP

min.
x,X

Tr(H0X) + 2cT0 x+ d0

s.t. Tr(HiX) + 2cTi x+ di ≤ 0, i ∈ I,
Tr(HjX) + 2cTj x+ dj = 0, j ∈ J,(
X x

xT 1

)
� 0,

whose optimal value provides a lower bound on the optimal value of (10). The relaxations

seen in these two subsections are two dual approaches to produce SDP-based lower bounds

on QCQP.

Notes

Further reading for this lecture can include Chapter 4 of [1] on semidefinite programming,

and Chapter 10 of [2].
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