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The influential concept of cognitive maps envisions that the brain builds
mental representations of objects, barriers, and goals. Computational models
show how these representations guide goal-directed behavior, such as plan-
ning novel routes to maximize rewards. One key feature of flexible cognitive
representations is compositionality, the ability to build complex structures by
recombining simpler parts. However, how this applies to neural representa-
tions of cognitive maps and map-based planning remains unclear. Composi-
tionality can be difficult to reconcile with efficient planning, as reusing
components may limit efficiency. Here, we propose a novel computational
model for efficiently creating and planning with compositional predictive
maps, which successfully reproduces response fields in the medial entorhinal
cortex, particularly object vector cells and grid cells. The model treats each
object as an alteration to a baseline map linked to open space, creating pre-
dictive maps by combining object-related representations compositionally,
providing insights into brain processes supporting efficient, flexible planning.

The principle of compositionality—the ability to reuse representations
constructively to build up novel, complex ideas from simpler parts—is
widely viewed as fundamental to intelligence. In cognitive science and
neuroscience, it is thought that the brain’s impressive capacities for
perception, language, and reasoning arise, at least partly, from its
compositional nature, assembling thoughts and concepts from sim-
pler components'®. Similarly, in artificial intelligence, composition-
ality is seen as an important capability for developing human-level
artificial general intelligence. While many modern artificial intelligence
systems do not yet exhibit human-like compositional abilities**?,
creating models that demonstrate compositional behavior has been a
central goal driving advances in the field*™.

One case in which structural learning has been studied in detail is
that of trial-and-error action selection, particularly reward maximiza-
tion in sequential tasks such as spatial mazes. It has long been argued
that animals accomplish this, at least in part, by learning a “cognitive
map” or internal representation of the environment and task'*%°, This
is thought to enable them, for instance, to plan new routes to novel
goals and find detours and shortcuts. In turn, these functions have

been widely formalized computationally using a family of algorithms
from reinforcement learning (RL), known as model-based learning
because they rely on a learned internal model of the environment’s
contingencies.

Interestingly, however, although such map or model learning also
might seem to involve the composition of meaningful subparts (e.g., a
building interior is made up of hallways, rooms, and doors) and this
has occasionally been suggested®*, this aspect has not been widely
studied or theoretically developed. Instead, map learning in the RL
setting has most often been formally characterized as akin to indivi-
dually discovering and memorizing each of the edges in a graph®*.
Here, we suggest that this gap reflects a key challenge in constructing
and using such maps: creating representations that balance competing
demands of flexibility vs. efficiency. In general, using a (“one-step”)
map or model to flexibly plan new paths to goals requires significant
computation to search iteratively over candidate paths. Meanwhile,
optimizations that address this by reusing or “caching” some of this
work (for instance, chunking useful extended action sequences) gen-
erally simplify computation at the expense of reducing generalizability
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to new situations (e.g., where different action sequences would be
better). Exploiting compositionality in this setting thus remains a
challenge because representations that cache demanding computa-
tions for efficient planning resist flexible, compositional construction.
Accordingly, to the extent that a few previous theories of cognitive
maps have captured some compositional-like relational structure in
the task graph'®?*?, these models have not generally addressed using
these maps to plan or seek reward, and addressing this would require
exhaustive and arguably implausible computation at decision time.

Here we introduce compositionality into on an alternative class of
RL models (known as Successor Representation (SR) models) which
have recently become popular for enabling efficient planning, by
representing the cognitive map in terms of long-range predictive
dependencies across the task space rather than by local adjacency %
In particular, we build on a recent development of this class (the
“default representation™®); that, by introducing a particular non-
linearity and some linear algebraic tricks, largely addresses the issues
of generalizability and flexibility. Here we extend this model to address
two types of open issues in this domain. First, computationally, we
introduce compositionality so as to address how such predictive maps
can be built quickly but also in a generalizable way by recombining
precomputed, reusable representations. Second, neurally, we argue
that a number of aspects about how this model decomposes maps into
stable and reusable pieces shed new light on observed neuronal firing
patterns in the medial entorhinal cortex (MEC), which previous
modelers have suggested may subserve a neural representation of
maps of this sort®. Specifically, we argue that previous models fail to
account for important aspects of cellular responses in the MEC
showing composition-like representations, such as invariant and
modular coding response in MEC object vector cells, and how these
coexist with fast and stable coding in MEC grid cells.

More specifically, we propose a new computational model for
constructing compositional predictive maps that can use the resulting
maps to perform complex planning tasks efficiently and flexibly. The
presented model is based on the idea that each object can be seen as
an alteration to a baseline predictive map of an open-field space. For
each object, we derive a representation of its contribution to the
predictive map that does not depend on the specific position or
rotation of the object in the task space. The complete predictive map
of a state space consisting of multiple objects is then built by putting
together the representations related to each object. The resulting map
can then be used directly and efficiently for planning, without labor-
ious search.

This approach is grounded in several key computational princi-
ples. First, objects, barriers, and goals act as perturbations that alter
the relational structure of open space. Second, their effects on long-
range predictive maps can be efficiently computed using translation-
and rotation-invariant matrices, which we term predictive object
representations (PORs), whose size depends on the object rather than
the full state space. Third, long-range maps can be efficiently built by
compositionally integrating these compact PORs. Fourth, an efficient
set of basis functions allows the cognitive map to be represented by
combining PORs with the eigenbasis of open space. Finally, a learning
algorithm enables PORs of complex objects to be constructed from
more primitive components, enhancing the model’s adaptability and
efficiency.

With regard to the function of the MEC, the model suggests that
different spatially tuned cells within the structure can be understood
as encoding components of the compositional predictive map. In
particular, the theory accounts for a class of cells discovered recently
in the MEC, object vector cells, which fire exclusively when animals are
near objects* . These cells are the most ubiquitous class of cells in the
MEC, accounting for roughly 30% of all spatially tuned cells in this
region*. According to our model, these cells encode the building
blocks of compositionality, a planning-ready computational

representation of objects, borders, and other components of the map
specialized in a planning-ready way that enables the system to flexibly
build a map and easily use it for planning. In turn, our theory interprets
grid cells as providing an efficient code that provides a baseline map
over which these components can be incorporated. We show that this
successfully models various empirical findings concerning the firing
patterns of grid cells following the introduction of barriers and goals.

Results

Default representation (DR)

We build on our recent computational model of map learning and
planning in the brain, linear RL*, which exploits long-range predictive
maps for planning and shows animal-like behavior across various
replanning tasks, such as reward revaluation (e.g., Tolman’s latent
learning task) or transition revaluation (e.g., Tolman’s detour task).

To briefly summarize (see “Methods”), as with other RL theories,
linear RL formalizes planning as computing the value function, or the
expected sum of future rewards for different possible courses of
action. More specifically, the value function v'(s) captures the sum of
rewards (minus costs) expected by starting at state (e.g., location) s
and following an optimal trajectory thereafter. This function contains
sufficient information to choose optimally (e.g., by visiting the highest-
valued neighboring location at each step). Classic RL algorithms for
model-based planning show that solving this interdependent optimi-
zation problem is computationally demanding, lacks a closed-form
solution, and requires laborious iterative procedures.

The key idea of linear RL is to simplify this laborious iterative
procedure by introducing the concept of a default policy, where
deviations from this policy incur a control cost. Importantly, opti-
mizing reward minus control cost results in a computationally efficient
closed-form solution for the value function®*”. This solution can serve
as an approximation of the optimal policy in the original RL problem,
which aims to maximize accumulated long-term reward. While this
approach is computationally efficient, it can be biased. However, if the
default is uniform (i.e., a random walk), it has a negligible effect on the
decision policy, and the resulting policy remains a very good approx-
imation of the optimal policy, as it merely encourages stochastic
exploration. Throughout this paper, we assume a uniform default
policy, represented by matrix T, which is a square matrix whose size
equals the number of states in the environment and encodes transition
probabilities between states under a random walk. Similar to SR, linear
RL relies on a long-range predictive map D =(diagexp(c)) — T)™,
called the DR. Here, diag(exp(c)) is a diagonal matrix whose diagonal
values depends on the per-state costs vector ¢. The DR in effect cap-
tures, for each state, which other states will be visited in the long run
following it, and what cumulative per-step costs ¢ will be expended
reaching them. Given D, it is possible to compute the value function v
without extensive iteration, but instead by a single matrix-vector
multiplication, which is easily implemented in a single-layer neural
network. (Here, the vector depends on goal rewards r, which explains
how the system can easily adapt to changes in goals.) A main intuition
is that the matrix inversion in the definition of D arises algebraically
from and is equivalent to iteratively summing costs over many tran-
sition steps (assuming that the transition is done under the default
policy); once this computation is done, planning is easy. Thus, in the
present work, we solely focus on the computation of the DR map D,
and in particular on exploiting compositionality to flexibly compute
the matrix inversion by reusing precomputed components (see also
Bazarjani and Piray*® for an alternative approach that creates the map
using a temporal-difference model-free algorithm).

Building the DR compositionally

We present a computational model for making predictive maps that
constructs the DR by flexibly putting together representations corre-
sponding to different objects in the environment. Formally, these
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Fig. 1| Compositional predictive map model. a The model creates a predictive
map for planning toward the goal (G) by representing each object as a perturbation
within the open space field. b To compute the predictive map, the model adds a
low-rank matrix to the open space predictive map. This low-rank matrix is the
product of three components: a column matrix, a row matrix (both serving as
readily available lookup tables), and an intermediary matrix called the predictive
object representation (POR). The POR’s dimensions depend on the object’s size,
making it much smaller than the predictive map. Here, matrices related to the
calculation of the predictive map in the environment depicted in (a) are plotted.
The matrices involved in calculating the predictive map for the environment shown
in (a) are displayed here, with the POR particularly associated with the green object.
¢ The POR matrix is invariant to both translation and rotation, as demonstrated for
an object in different positions and orientations. d This also provides an efficient
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method to compress the cognitive map in terms of the eigenbasis of open space by
revealing how object effects influence the map when viewed through the open
space map’s eigenvector decomposition (see Eq. 2). This is achieved by adding an
object-dependent term to the eigenbasis of the open space. This object-dependent
term is the product of three components: a column matrix, the POR, and a row
matrix representing a linear combination of the eigenbasis in a set of states that are
next to the object. e A new object is added to the environment shown in (a) to
create a new task. The model constructs a compositional predictive map by com-
bining the objects’ PORs, each calculated relative to the open space predictive map,
providing a first-order approximation of the new environment. f The planned
routes in both the original task (a) and the new task (e) demonstrate the model’s
effectiveness. When the second object is added, the previously optimal route
becomes suboptimal, and the model successfully identifies an appropriate detour.

objects correspond to stereotyped configurations of barriers (e.g.,
rooms, shapes, or walls) that interrupt travel in the open field (Fig. 1a).
In this case, each object can be seen as a perturbation of the open field.
Assuming we start by knowing as baseline the DR for the open field,
D,,, then matrix algebra (specifically, the Woodbury matrix inversion
lemma) indicates that the DR for an environment containing a single
object can be efficiently computed by adding a correction term to D:

D = DGS + DOSCOAORDDOS’ (1)

where D is the predictive map for the environment in which object o
has been introduced, A, is the POR matrix whose size depends on the
object’s size, C, is a binary matrix whose columns encode locations of
states immediately adjacent to the object, and R, is a matrix that is
nonzero only in states that are immediately next to the object. Since
the object is typically much smaller than the environment, C, and R,
are column and row matrices (Fig. 1b). These matrices serve as simple
lookup tables encoding one-step relations between the object and
other states, making them immediately available. Their product with
the baseline map D, yields a linear combination of columns or rows of
D, that are immediately related to the object, a computation that can

be readily implemented in a simple neural network with fixed, pre-
initialized weights. Since D, is a precomputed, reusable matrix that
can be computed once (e.g., from random walk in a very large open
space; see “Methods”) and used thereafter, the only nontrivial
computational term in this equation is the matrix A,, which we call
the POR for the corresponding object (Fig. 1b). Importantly, the POR’s
dimensionality depends on the object’s size rather than the entire state
space. Thus, while Eq. 1 may appear notationally complicated, its
computation is straightforward and far more efficient than re-inverting
the entire matrix from scratch. If S represents the number of states in
the environment and O the object size (so $>0), computing the POR
matrix A, has complexity O(O®), while directly calculating the
predictive map through naive matrix inversion has complexity O(S>).

An important insight is that the POR is both translation- and
rotation- invariant, i.e., it does not change if one moves or rotates the
object in the state space (Fig. 1c): the effect of any object on trajec-
tories is clearly invariant up to the frame of reference, and the C, and
R, matrices align the object in the broader map.

It is also important to stress what this procedure fundamentally
accomplishes. In classic model-based RL, it would of course be
straightforward to derive the one-step transition map T compositionally
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by directly adding a set of barriers to an open grid. However, following
any such update, it would be necessary to recompute the optimal values
by a full matrix inversion (to produce D), or alternatively, summing over
a large number of trajectories. Here, instead, we compositionally build
the long-run predictive map D directly, reusing most of the computa-
tion underlying the matrix inversion via D,; and A, (the learning of
which we address below). Updated optimal action values (and the
optimal policy) can then immediately be produced with a matrix-vector
multiplication.

Efficient representation of the DR map using open space
eigenbasis

Another crucial aspect of the model is its representation of the DR map
in terms of the open space map’s eigenvectors. If we consider the
eigenbasis of the open space map D,;=U, U,/ (this decomposition
exists because D, is symmetric), Eq. 1 can be written as D=GU,, in
which we have defined G as

G = UDS + DUSCOAOROUOS' (2)

This formulation reveals how an object effects (captured by the
POR matrix A,) influence the map when viewed through the open
space map’s eigenvector decomposition (see also Fig. 1d). Since the
open space eigenvectors are fixed, this provides a computationally
efficient encoding of features in the new space. Moreover, because
columns of U, associated with larger eigenvalues can serve as a low-
dimensional representation of the open space map, we can efficiently
compress G by using only a subset of U, vectors, which serve as a set
of basis functions. Notably, these basis functions resemble MEC grid
fields, providing insights into various aspects of grid fields that we will
explore later.
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Fig. 2 | The model enables efficient planning. a, b The compositional predictive
model is a first-order approximation of the complete predictive map. The error
between this approximation and the true predictive object representation matrix is
plotted as a function of the distance between objects. The error increases as the
objects get closer together. ¢ The error function is plotted for the learning algo-
rithm that learns the true predictive object representation matrix for the environ-
ment with the two objects plotted in (a) (the one with Distance = 0). With each
update, the error decreases. The starting point of the algorithm is given by the
compositional representation of the corresponding POR matrices associated with
the two objects (i.e., Eq. 3). d An example planning environment, in which blue and
red squares indicate start and terminal points, respectively. We tested the planning
performance of several approaches. The predictive map for this new environment
was constructed using: the Compositional model; the “Compositional+Update”

Compositional representation of the DR map for multiple
objects

To construct the DR for environments with multiple objects compo-
sitionally, we can, to a first approximation, simply sum (projected)
PORs from multiple objects. This is because if two or more objects are
sufficiently far apart, their combined POR is approximately equal to
the block-concatenation of their corresponding PORs. Thus, formally,
if A; and A, are PORs of such two objects, the predictive DR map is
approximately given by:

D = D, + D, (C;AR; + C,A;R,) D, 3

where C; and R, are lookup matrices associated with the first object,
and C, and R, with the second object, as outlined above. In this way, a
set of PORs can be viewed as a set of basis functions for predictive
maps reflecting common object motifs in a set of environments
(Fig. 1de). This compositional formulation not only offers an often
accurate and efficient approximation to the predictive map (Fig. 1f) but
also straightforwardly provides the foundation for a simple learning
procedure (not elaborated here) for exploring a new environment and
quickly estimating its corresponding map D, while also efficiently
planning at each step of learning.

Note that the convenient compositional expression from Eq. 3 is
simplified with respect to the exact DR. The latter would be more
laboriously obtained by the iterative application of Eq. 1, such that the
perturbed D replaces D,, when adding A, and so on, and thus the
object effects do not decompose into a simple sum. The intuition for
the difference (Fig. 2a, b) is that when two objects are close (and
especially when they touch), their effects on possible trajectories
through the environment may no longer be independent. Nevertheless,
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model, which starts from the compositional map and updates the map once per
step using the algorithm introduced above; and a “Complete” model, which builds
the predictive map entirely by continuing the update process until convergence.
We also simulated the Successor Representation model, which creates predictive
maps using a temporal-difference algorithm and a random walk algorithm (referred
to as “Random”). Overall, both the Compositional and Compositional+Update
models greatly outperformed the random walk and the Successor Representation
and performed on par with the Complete model. e A more challenging environ-
ment in which objects are closer to each other. As expected, the Compositional
model performed worse than the previous simulation, although its performance
remained comparable to the Complete model. Simulations in (d, e) were repeated
5000 times, and error bars (might not be visible) represent the standard error of
the mean.

Nature Communications | (2025)16:7444


www.nature.com/naturecommunications

Article

https://doi.org/10.1038/s41467-025-62733-7

even when objects are close, this equation provides a principled first-
order approximation of the POR of both objects (Fig. 2).

Moreover, we have developed an efficient and biologically plau-
sible algorithm (see “Methods”) to iteratively update the combined
POR for two or more objects and learn it gradually (either by experi-
ence or mental replay or both), correcting the initial approximation.
The same algorithm is applicable to the case of learning a single POR
like A; from more elemental parts (corresponding ultimately to indi-
vidual barriers). This algorithm is computationally efficient because it
works in the space of objects (i.e., the part of the space containing the
subcomponents: the size of the combined POR), rather than the whole
state space (the size of D). This is crucial because previous algorithms
for learning predictive maps by experience, notably the SR**, were
not scalable, as they required updating a row vector the size of the
entire state space at each iteration. In practice, the proposed algorithm
converges quickly, usually within a few trials, which is mainly because
Eq. 3 already provides a good approximation of the combined
POR (Fig. 2¢).

In all, this learning procedure describes how a set of PORs can be
built up for stereotyped objects like rooms and, in turn, how the
combined PORs from multiple objects close to one another in a new
environment can, with learning, be adjusted to a single corrected POR
for their combination. This could, in turn, provide the basis for a meta-
learning algorithm (which we do not pursue here) that learns an
appropriate basis set of PORs matched to a set of object motifs reoc-
curring across a family of environments.

Planning with a compositional DR

This approach enables efficient planning. To demonstrate this, we
conducted a simulation analysis in which different models were
exposed to four different environments, each with a distinct object
(Fig. 2d, e). This allowed the model to learn four PORs. Subsequently,
models were simulated in a new environment containing all four
objects. For comparison, we considered the random walk as well as the
SR, an alternative way to construct predictive maps experientially
(non-compositionally), based on a temporal-difference learning
rule*>**% We built the predictive map in two different ways and
compared its planning capabilities with these baseline models, as well
as a complete predictive map.

The first approach involved a simple first-order approximation
model, as described above, where PORs for all objects were simply
added as in Eq. 3. We used this map with the linear RL algorithm,
enabling us to plan a route from a starting point to a terminal point.
The second approach additionally updated the combined POR for the
four objects using the learning algorithm mentioned above. We
assumed that the time required for an update step was equal to the
time needed for taking a real navigational step in the world, although
it’s worth noting that the updates can often be much faster.

As depicted in Fig. 2d, even the first model, which was simply built
by a linear composition of individual PORs (i.e., Eq. 3), performed
relatively well. This is important because implementing this algorithm
is simple and straightforward. Unlike a random walk, which rarely
reaches the target in a reasonable time, this algorithm navigates to the
target effectively (with an average path length compared to the
ground-truth planner of 1.76). Moreover, even with a slow update rate
(i.e., one update per step), this algorithm achieved accuracy close to
the ground-truth planner (with a relative average path length of 1.09).
Importantly, as described above, the update is in the space of objects,
not the whole state space, which makes this algorithm much more
efficient than previous algorithms, such as the SR, for creating a pre-
dictive map. Additionally, it is worth noting that the ground-truth
model can be seen as an asymptotic case of the update model, after
updates have been performed until convergence.

We repeated this analysis under more challenging conditions,
where the objects were placed closer to each other. As expected, the

performance of both algorithms, especially the Initial model, declined,
but remained relatively comparable to the complete planner and
substantially better than the random walk and the SR (Fig. 2e).

Neural representations of map components in the MEC: object
vector cells

A number of previous modeling studies have suggested that spatially
tuned neurons in the MEC may in some way collectively represent a
cognitive map. For instance, Stachenfeld et al. suggested that grid cells
of MEC collectively resemble a factorization of the environment’s SR,
resembling its eigenvectors™. A second recent proposal, known as the
Tolman-Eichenbaum Machine” develops a related proposal more
implicitly by training a network, via backpropagation, to learn motifs
of graph connectivity across many environments (similar, in our terms,
to meta-learning the one-step map T). Units inside the trained network
have responses resembling those of several types of spatially tuned
MEC neurons. The present model elaborates these accounts and,
through more explicit analysis of the mapping and planning problem,
clarifies the computational mechanisms that, we suggest, underly
these observed correspondences.

Recent research in the MEC reports a novel family of neurons
known as object vector cells*. These neurons activate when an animal is
at a certain distance and direction from an object. It has been observed
that 20-30% of the neurons in the MEC are object vector cells, which
makes them more abundant than grid cells and border cells.

We suggest these cells can be understood as capturing the per-
turbation of the map due to the inclusion of the object, i.e., the POR
term from Eq. 1. Perhaps the most significant characteristic of object
vector cells is their translation invariance. In a study by Hgydal et al.**,
MEC cells’ response fields were examined in two consecutive trials. An
object was initially placed on the floor and then moved to a new
location. The researchers observed that object vector cells that fired
initially exhibited a similar response even after the object’s translation.
Importantly, the displacement from the object was preserved. Simi-
larly, the model, i.e., the projection of the POR into the state space,
demonstrated a consistent response across both trials due to its
translation invariance (Fig. 3). Furthermore, Hgydal et al. observed that
MEC object vector cells exhibit a consistent response to an object
when the animal is at a similar distance and orientation relative to the
object. The model displays a similar behavior, as the PORs are rota-
tionally invariant (Fig. 3).

Note that we model object vector cells as a row vector of the
(projected) POR corresponding to the specific state associated with
the particular distance and direction from the object to which the cell
is tuned. Generally, this formulation provides a way to account for the
activity of “vector” cells in the MEC*, such as object vector cells or
boundary vector cells, within the RL framework that assigns a unique
state to each spatial location. Vector cells in the MEC exhibit selective
firing patterns exclusively when the animal is positioned at a particular
distance and direction from the cell’s focal point, which could be an
object or a boundary in the environment. Within the RL framework,
this firing behavior is effectively equivalent to the activity pattern
corresponding to the state that shares the same directional and dis-
tance relationship with the object or boundary as the animal’s current
location. For example, an object vector cell tuned to “north of object”
corresponds to the state representing that particular spatial relation-
ship. Object vector cells serve as an intermediary step in the process of
constructing the final representation of space in the form of a grid map
(which we cover later), and their object-relative code facilitates and
reflects the compositional construction of the final grid map.

Another property of object vector cells is their ability to gen-
eralize across different objects and environments. Unlike landmark
vector cells in hippocampal area*, object vector cells do not differ-
entiate between different objects as long as they introduce similar
disruption to the state space. The model also shows the same behavior.
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to the object. a Firing rate maps of an example object vector cell. When the object
was moved, the firing field was moved accordingly. b The vector map for the cell
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shown in (a), as a function of allocentric orientation and distance from the center of
the object. Model simulations show similar properties when the object was moved
(c) or rotated (d). Data in (a, b) are adapted from Hgydal et al., Springer Nature®.

Fig. 4 | Object representations generalize to multi-object environments, and to
novel objects and novel environments. a The firing field for three object vector
cells in a multi-object environment in which a few new or old objects (with similar
sizes) have been placed in the space. Regardless of familiarity, the cells exhibit
similar firing fields in the vicinity of each object. b The firing field for an object
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vector cell in two different environments, which shows that the cell generalizes
between environments. ¢, d Simulation of the model in similar setups. The model
shows the same behavior because PORs are only a function of the object size, not its
shape or familiarity, and they are not learning or experience-dependent. Data in
(a, b) are adapted from Hgydal et al., Springer Nature*.

Since PORs capture perturbations of trajectories through the state
space by the object, not its specific properties, they remain the same as
long as the way that the object impedes passage remains the same.
Furthermore, empirical data showed that object vector cells, unlike
landmark vector cells, do not depend on experience and emerge
almost from the first trial, even in a novel environment (Fig. 4). The
model shows the same behavior because PORs are not learning or
experience-dependent (unlike predictions of the model for grid cells
as shown in the next section.) Furthermore, when multiple objects are
introduced in the field, object vector cells fire in response to each with
small differences in distance and orientation (Fig. 4). The model
accounts for this because PORs do not encode interactions between
objects, and therefore we expect them to generalize to multi-object
environments.

In their study, Hgydal et al. found that object length has a sig-
nificant effect on the firing field of object vector cells, although some
variability was observed (Fig. 5). Our model exhibits similar behavior,
because the length of an object affects the way it alters state transitions
(Fig. 5). However, the model predicts that increasing the height of an
object should not affect the state space since the height does not
impact how the object affects trajectories (apart from climbing or
jumping). This is also in line with the empirical results reported by
Hgydal et al.

A final observation, perhaps less obvious under the current
model, is that object vector cells fire even when the object is sus-
pended, allowing passage below*. In the model, this may be because
PORs in our model encode computational representations that are
precomputed and could be added to the predictive map if needed. In
the case of objects that do not actually block passage, these repre-
sentations would not be incorporated in the predictive map, but they
can still be precomputed and represented as a computational basis
tied to any object that has the potential to serve as a barrier when
placed differently.

Neural representation of the compositionally constructed map:
grid cells

It has been proposed that grid cells encode a low-dimensional
decomposition of the predictive map®’. Specifically, in an influential
study, Stachenfeld and coauthors proposed that grid cells encode
eigenvectors of a different variant of a predictive map, the SR: col-
lectively, these neurons’ response fields capture the map, in effect, asa
set of basis functions for it. While this proposal provides a promising
characterization of grid cell responses in the open field—particularly
when the eigendecomposition is subject to a biologically motivated
non-negativity constraint, which improves the match to neural
responses (Dordek et al.”)—a number of puzzles remain, particularly
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Fig. 5| Object representations depend on the object size. a The firing rate for an
object vector cell illustrates dependency on the object diameter. b Distribution of
field sizes for all object vector cells shows significant dependency to the object
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from Hgydal et al., Springer Nature®.

concerning how the grid code behaves in the presence of barriers. In
general, the addition of barriers to the map requires laboriously re-
computing the SR (this is the problem addressed by the current
model) and its eigendecomposition, and this in turn has substantial
effects on all the eigenvectors (i.e., each cell’s simulated tuning).
Indeed, even allowing for such recomputation, this model fails to
capture the relatively stable code of grid cells when objects and goals
are introduced, as eigenvectors tend to change dramatically when the
map changes even slightly.

Here, we leverage the current model to propose that grid cells
provide a basis space for representation of the DR, which is expanded
compositionally to include perturbations due to the PORs as described
above. Importantly, the resulting grid code remains globally stable
because these perturbations are represented in a space given by the
eigenvectors of the open field.

In particular, drawing on recent work*>*>*¢, we consider a baseline
model given by the eigenvectors of the DR from the open space, given
by the columns of a matrix U,,. These are computed by non-negative
principal component analysis of D, using the model of ref. 45, who
showed that such components can be learned through a single-layer
neural network, with a Hebbian-like learning rule*. This procedure
produces hexagonal grid patterns (Supplementary Fig. 1). We chose
the Dordek et al.** framework for generating open space grid repre-
sentations because it is based on a random walk, resulting in slightly
less geometrically regular but more biologically realistic patterns,
compared to the eigenvectors of the SR. This aligns at least stylistically
with experimental observations, where hexagonal grid patterns can be
imperfect. However, our simulations do not depend on this specific
choice of basis functions. Similar results can be achieved using alter-
native approaches, including the more regular grid patterns proposed
by Stachenfeld et al.*?, demonstrating that our core findings are robust
across different representations of open space.

We then introduce perturbations from PORs as before (pre-
sumably arising from object vector cells), projected onto the basis U,.
Formally, we propose that grid fields encode matrix G presented in
Eq. 2. As we stated there, G essentially provides a representation of the
DR D, as the full predictive map can be easily assembled via the pro-
duct of G with the transpose of U,.. Moreover, G can be composi-
tionally expanded to incorporate additional objects, via Egs. 2 and 3.

Furthermore, the grid code G equals the baseline grid code U, (and its
product with itself represents the baseline, open field map D,,) when
no objects are present in the environment.

Here, we present simulation results examining how different
types of barriers and goals in the open space impact the baseline grid
code. Thus, we examine the effects on G when task-relevant objects are
introduced.

A key prediction by our model is that the introduction of barriers
and objects should not result in a global remap of grid cells. Instead,
the model predicts that such changes in the environment result in local
remapping of grid cells. This is because such barriers and objects
mainly influence the grid codes near the area of change, through the
object-specific lookup table matrices, C, and R,. This contrasts with
the model by Stachenfeld et al., which predicts substantial global grid
remapping since barriers alter all eigenvectors™.

To showcase this, we first consider an experiment by Wernle et al.,
which examined grid cell changes when environments merge*®. They
recorded grid cells in rats exploring two adjacent rectangular com-
partments, A and B, separated by a dividing wall. When the partition
was removed, allowing exploration of the merged compartments, the
researchers found grid patterns were largely preserved near the ori-
ginal distal walls (Fig. 6). However, approaching the former partition
line, individual fields “almost immediately” reorganized to establish
spatial continuity between the two maps*®. Specifically, grid periodi-
city emerged locally around the area where the compartments had
met. Thus, their results demonstrate that when merging occurs, grid
cells quickly reconfigure to reconcile the separate maps, enabling
coherent navigation in the new unified space. The model predicts a
similar pattern because the partition wall primarily influences the area
near the partition, due to the relative selectivity coded by object-
specific lookup table matrices, C, and R,,.

This property of grid fields was also recently highlighted in
another study examining the effects on grid fields of introducing the
rat’s home cage into an environment*. In this study, the authors found
that grid cells did not globally remap when the home cage was placed
in the arena. Instead, they showed that the introduction of the home
cage in the center of the arena retained the global representation but
resulted in a local shift of grid fields near the embedded home (Fig. 7).
Thus, the mean normalized rate was selectively increased near the
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Fig. 6 | Grid maps change locally after removing a wall. a The experimental
procedure of Wernle et al. is illustrated. The rat underwent training in two rec-
tangular compartments, labeled A and B. These compartments were initially
separated by a central partition. During the test phase, the partition was removed,
allowing the rats to explore the combined open square environment, denoted as
AB. b Example firing rate maps for two grid cells from different rats are shown in
both the divided A|B and merged AB environments. ¢ The sliding spatial correlation
heatmap is shown for the two example cells plotted in (b). Spatial correlation is
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calculated in moving boxes with the size of the white stippled box shown in (b).
d The average spatial correlation heatmap across all recorded cells is shown. The
impact of removing the partition is mostly limited to locations near the partition.
e-g Simulation of experimental results in (b-d) by the model. The simulation
results in (g) were repeated 50 times with different randomization seeds, and the
average has been plotted. See also Supplementary Fig. 2. Data in (b-d) are adapted
from Wernle et al., Springer Nature*®.

home cage, which is also visible in spatially averaging peak normalized
rate maps. Further analysis showed that local differences were pri-
marily influenced by the home geometry rather than the specific
behavioral properties typically associated with a home cage. Specifi-
cally, the introduction of a plain box with similar geometrical prop-
erties to the home cage resulted in very similar changes in grid fields,
even though the elicited behaviors were quite different. The model
predicts the same behavior because it assumes that the effect of the
home cage on predictive maps is primarily due to the way it alters
transitions in relation to an open field, and because the DR (unlike the
SR) codes predictive relationships in a way that is invariant to the
expressed behavioral policy.

Of course, in environments where barriers alter almost the entire
space relative to open areas, we expect more global remapping. For
example, Derdikman et al. recorded grid cells in a hairpin maze

environment, and the grid map was substantially distorted. Notably, a
significant number of grid cells showed opposite patterns for alter-
nating arms’® suggesting a repetitive, compositional construction. The
model predicts the same behavior, as the extent to which the barriers
changed the open space is quite extensive here (Fig. 8), and reflects the
repetitive, compositional structure of the perturbation. Moreover,
Derdikman et al. found that grid cells “reset” at turning points, a
finding that is not consistent with classical global space coding theory
of grid cells, but it is consistent with the theory that grid cells encode a
cognitive map that predicts “fragmentation” in the predictive map.
Finally, as we pointed out in our previous study®, unlike the eigen-
vectors of the SR, experimental data support an implementation of
predictive maps that is influenced by actual physical barriers but, in
contrast, is relatively stable with respect to stereotypic behavioral
policies. For instance, Derdikman et al. also tested whether grid cells
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Fig. 7 | Grid maps change locally near the home cage. a In the experiment by
Sanguinetti-Scheck and Brecht*, grid cells are recorded before and after the
introduction of a home cage. Here, two example normalized grid fields are plotted
for two different home cage locations (north or middle). b Sliding window spatial
correlation map averaged across all cells is plotted for two different locations of the
home cage. The impact of introducing the home cage is mostly limited to locations
near the cage. ¢ The peak normalized firing map for all cells is plotted as a function
of the distance between each cell’s peak location and the center of the home cage.
The local impact of the home cage on grid maps is also evident in the peak nor-
malized rate map. The mean and standard error of the mean are plotted. d The
spatial average of the peak normalized rates is illustrated for both the open field
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and the home center condition, with the difference also displayed. The same effect
is apparent in this comparison. e Sliding window spatial correlation map averaged
across all cells is plotted for another experimental condition in which a plain box is
introduced with the same size as the home cage. The effect of the plain box is very
similar to that of the home cage, revealing that changes in grid cells are driven by
the geometry rather than the home valence. f-j Simulation of experimental results
in (a-e) by the model. The simulation results in (f-j) were repeated 50 times with
different randomization seeds, and the average has been plotted. Error bars in (h)
indicate the standard error of the mean across simulations. See also Supplementary
Fig. 3. Data in (a-e) are adapted from Sanguinetti-Scheck and Brecht*’ under a CC
BY license: https://creativecommons.org/licenses/by/4.0/.
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d Correlation derived from the adjacent position bins selected from the diagonal
section labeled in (a) is plotted. The mean and standard error of the mean are
plotted. e-h Simulation of experimental results in (a-d) by the model. The simu-
lation results in (e-h) were repeated 50 times with different randomization seeds,
and the average has been plotted. Error bars in (h) indicate standard error across
simulations. See also Supplementary Fig. 4. Data in (a-d) are adapted from Der-
dikman et al., Springer Nature™.

are affected when rats are trained to run an equivalent hairpin pattern
without any actual barriers™. They found that grid fields in this case are
more similar to the open field grids than the ones observed in the
actual hairpin maze environment, a finding that is well explained by

our model (again, due to the off-policy character of the DR), but not by
policy-dependent predictive map models®.

Additionally, Derdikman et al.*° observed that truncating some
arms of the maze caused grid cell firing patterns to remain primarily
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anchored to distances from previous turns, rather than being sub-
stantially altered by the new endpoints. This has been interpreted as
evidence for a path-integration mechanism. Our model predicts that
such truncations should affect grid fields locally, particularly around
the newly introduced endpoints, while other predictive map models
would suggest broader changes in their eigenvectors across the
environment. However, due to the lack of direct experimental com-
parisons before and after truncation, it remains difficult to assess
which framework better captures this effect. More generally, this
underscores the need to reconcile predictive map models, including
ours, with path-integration-based explanations of grid cell activity,
particularly in environments where structured barriers introduce dis-
tinct movement constraints.

A final point about grid cells is their sensitivity to changing goals™.
Although it had been thought that grid fields are stable relative to the
animal’s goal, recent studies suggest that goals subtly modulate grid
fields’>*. It is not clear how this can be explained by previous models,
even by predictive accounts, particularly the nuanced and subtle
changes observed in grid maps. This is because the SR and its eigen-
vectors tend to change dramatically when a new goal is introduced, as
this fundamentally alters the policy. Interestingly, though, goals in the
current model do have a special status, which is similar to barriers,
because the model concerns the so-called “episodic” RL setting, in
which episodes terminate (and predictions are truncated; the next
episode begins) whenever a goal is reached. Thus, our model distin-
guishes “terminal” states (containing goals) from other states, and if a
state becomes a goal (terminal), this changes the transition probability
between the goal state and its neighbors in an open field. Intuitively
speaking, the goal state is similar to a one-way barrier because as soon
as the agent gets to the goal, it does not move back as the planning
episode is completed. Thus, we can similarly formalize the effect of the
“goal component” on the predictive map. This aspect of the model
accounts for recent studies that investigated the role of goals on grid
fields*~>*. For example, Boccara et al. tested how grid fields change

when rats are trained to learn three new reward locations daily on a
cheeseboard maze*. They found a local remapping in grid cells after
learning, in which grid fields mainly changed near the goal locations,
with fields getting closer to the goal location. This also led to a
reduction in the hexagonal grid pattern, consistent with a distortion of
grid fields. The model shows the same behavior (Fig. 9).

Discussion

Compositionality is an important aspect of a flexible system, whether
biological or artificial. Compositionally, thus seems particularly relevant
to the concept of cognitive map, which is supposed to organize
knowledge in a way that is generalizable across tasks and environments
and enables flexible behavior, such as planning routes or taking novel
shortcuts®. Neurons within MEC, such as grid cells and object vector
cells, have been proposed as the neural substrates of the cognitive
map'®71*** and have a number of properties that seem to suggest they
represent different separable components of such a map. However, it
has remained elusive how such a cognitive map could support flexible
planning while being created compositionally. This includes both tra-
ditional spatial metric theories of MEC grid cells®, as well as newer
models in which MEC represents an abstract state space'®**° or a pre-
dictive SR***2, While some of these models emphasize one or the other
of these features, none of them reconciles the cognitive map’s utility for
planning with the need for it to be built compositionally from task
elements, such as objects, barriers, and goals. Here, we have proposed a
predictive model for planning that is also created compositionally by
assembling representations related to objects and goals. This also gives
a clear and explicit computational interpretation to the properties of
different spatially tuned neurons in MEC.

The new model is based on our linear RL theory, which posits that,
given a long-range predictive map encoding closeness between all
states under a random policy, optimal planning can be accurately and
efficiently approximated for any goal®’. Moreover, our approach
leverages four key computational features: (1) Objects, barriers, and
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Fig. 9 | Introduction of goals locally modulates grid fields. a Firing rate of an

example grid cell is shown before and after learning the goal locations (black dots).
b Introduction of goals led to grid cells moving closer to goals. ¢ Grid score for the
open field and after learning the goal locations is plotted. The mean and standard
error of the mean are plotted. d The degree of attraction of grid fields is inversely
related to the distance of their peak from the closest goal. The mean and standard

deviation are plotted. Simulation of experimental results in (a-d) by the model. The
simulation results in (e-h) were repeated 50 times with different randomization
seeds, and the average has been plotted. Error bars indicate standard error across
simulations. See also Supplementary Fig. 5. Data in (a-d) are reproduced/modified
from Boccara et al., https://doi.org/10.1126/science.aav4837, AAAS™.
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goals can be viewed as perturbations disrupting the relational struc-
ture of open space. (2) Their effects on long-range predictive maps can
be efficiently computed using translation- and rotation-invariant
matrices. These are efficient as their size depends on the object, not
the full state space. (3) Long-range maps can be efficiently constructed
by combining these compact PORs. (4) There exists an efficient set of
basis functions for representing the cognitive map by combining PORs
with the eigenvectors of the open space.

Our computational approach lays a substantially improved foun-
dation for understanding the function of different cells within the MEC,
including object vector cells or border cells encoding elements of the
task space, as well as grid cells providing a basis function of the com-
positional predictive map. In particular, we showed that the proposed
code for representing objects resembles remarkable similarity to object
vector cells, an important class of cells discovered recently in the MEC*.
Similar to object vector cells, PORs are translation- and rotation-invar-
iant, and their field size depends on the object size. The model further
provides a computational mechanism of how grid cells might reflect
basis functions for cognitive maps. In fact, by combining PORs with
eigenvectors of the open space, one can obtain a low-dimensional
representation of the proposed compositional predictive maps, a pro-
cess that can be done efficiently using a simple neural network with
known weights. This makes a critical prediction, particularly about the
effects of barriers and goals on grid fields. Specifically, we anticipate
that the effects of barriers and goals on grid fields remain relatively
local, a prediction that is well supported by empirical data®.

Our theory relates to earlier work by Stachenfeld et al., proposing
that grid cells encode eigenvectors of the SR*. The SR constitutes a
predictive map of task space and can be seen as a policy-dependent
equivalent to the DR utilized here®**. In many ways, our work builds
upon this idea. However, the Stachenfeld et al. model faces major
computational and empirical challenges. Computationally, it is unclear
how such a code can be implemented in an efficient way, given that all
eigenvectors must be recomputed with any change to goals or envir-
onment structure. Notably, the SR’s size is quadratic in the number of
states in the environment—thus computing its eigenvectors even once
is often intractable in a large state space, let alone repeated full com-
putation of eigenvectors with every change. The SR also makes pre-
dictions about the neural code that are contradicted by data, in that
eigenvectors of the SR would exhibit extensive remapping when bar-
riers, objects, or goals are introduced. This contrasts with experi-
mental data showing local grid remapping in such situations”,
especially in naturalistic environments*®>359,

Our new theory also relates to a recent but growing body of work
proposing probabilistic, graph-like computational models of MEC cog-
nitive maps, which argue that MEC encodes relational structure
between different states in the world*?°. The DR framework naturally
aligns with these models because it shares key mathematical properties
with the transition matrix (T), including the same eigenvectors, which
allow it to inherit T’s graph-like structure. More specifically, DR repre-
sents changes in reachability between states due to objects or barriers,
meaning it captures relational structure in terms of how these elements
modify the topology of navigation. This connection implies that DR
implicitly encodes the same type of graph-like relationships that are
fundamental to these cognitive map theories. Our model extends this
line of work in two critical ways. First, these previous models are often
agnostic to planning, because they do not explicitly model reward as an
entity that organisms seek to maximize. Indeed, because they generally
represent the one-step map, building planning over this representation
is computationally quite laborious. Our model creates cognitive maps
that, together with the linear RL framework, provide an efficient method
for planning. Second, while one of these models” does capture a sort of
compositionality, in that it is based on learning to generalize relational
graph connectivity motifs across different environments, this property
emerges only implicitly and somewhat opaquely by training a black-box

neural network via backpropagation. This, in turn, limits the functional
interpretation of units within the simulated networks, which are
observed to resemble those in MEC. Our current model additionally
provides an explicit, algebraically derived method for constructing
maps compositionally from individual components representing bar-
riers and goals. Furthermore, while our current implementation does
not consider velocity and path integration, recent graph-based exten-
sions incorporating these features*® could in principle be combined with
our compositional framework to handle directed transitions and velo-
city modulation. Thus, our model builds on these graph-based cognitive
mapping theories, while more explicitly exposing the map’s composi-
tional structure, its role in planning, and the computational role of
different neural responses.

The current theory expands on our prior linear RL model for
planning, which efficiently reduces planning to constructing predictive
maps®°. One key feature of the model, which distinguishes it from
similar predictive algorithms like the SR, is that it is policy indepen-
dent. That s, it represents predictions about long-run state encounters
under a fixed, “default” policy (e.g., a random walk), but it can be used
to solve approximately for the value function under any goal-
optimized policy. In the earlier work, we showed how this enabled
various types of transfer learning relevant to cognitive maps; in the
current work, it is crucial computationally for enabling the stable
compositional construction of the map and empirically for explaining
various phenomena related to the stability of grid fields. While suc-
cessor features offer another approach for improving the transfer of
predictive maps beyond traditional SR®**, they lack compositionality
in the predictive space as the entire map must be recomputed when
features change. Overall, the current theory complements our linear
RL model by delineating how these maps can be created composi-
tionally from task elements, such as barriers, objects, and goals.
Together, this provides an efficient, comprehensive, and psychobio-
logically plausible theory of model-based planning.

When facing two or more objects, we demonstrate that a first-
order approximation of the solution can be obtained through the
compositional combination of the representations related to each
individual object. We further propose a learning algorithm for mod-
eling interactions between objects. Importantly, this algorithm is effi-
cient as its starting point is already a decent approximation of the full
solution, as depicted in Fig. 1. Additionally, it is computationally effi-
cient since the object-related representation matrices scale only with
object size rather than environment size. This contrasts with much of
the previous work on SR, in which learning the map at least required
updating entire rows or columns of the SR matrix, which is the size of
the state space*’. Thus, by leveraging compositionality and initially
approximating multi-object solutions from single-object representa-
tions, our approach provides an efficient framework for learning
object interactions and constructing multi-object cognitive maps.
Although the neural basis of this process remains unclear, mental
simulation through hippocampal replay may offer insights into this
process. During periods of wakefulness, place cells exhibit rapid,
sequenced reactivations known as awake replays®*’, which have been
linked to planning®®®® and structural inference®’. Though the neural
mechanisms are still unknown, awake replays represent a promising
phenomenon to explore in future research on the neuroscience of
compositional mapping.

The model makes distinct behavioral and neural predictions.
Behaviorally, it predicts that when two previously seen objects are
introduced together in a navigation task, performance will decline as a
function of the distance between them, as closer objects require more
substantial updates to their PORs. In contrast, locally compositional
(but non-predictive) models do not predict a specific relationship with
distance, since they only account for how objects affect transitions
between neighboring states. Neurally, our model predicts relatively
stable representations in the MEC, which is thought to encode the
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relational structure of cognitive maps, with barriers only locally dis-
rupting the map. This contrasts with other predictive models—most
notably Stachenfeld et al.’s influential work®**~where grid fields, as
eigenvectors of the predictive map, change dramatically with the
introduction of barriers or objects. Furthermore, our model offers
both biological and psychological plausibility that the eigenvector
account lacks. Rather than relying on eigendecomposition, which
becomes intractable in even moderately sized environments, our
approach reframes the problem of learning a predictive map, reducing
computational complexity from scaling with environment size to
scaling with barrier size.

Our framework extends beyond simple, fully observable objects
by transforming the challenge of learning complete cognitive maps
into a more tractable problem of learning object-related representa-
tions. This approach copes somewhat gracefully with environment
maps that are gradually learned, such as burrows that must be
explored while they are being mapped (by incorporating objects and
barriers into the baseline map as they become visible), as well as
complex object interactions. Notably, this perspective may help
explain the high proportion of object vector cells (30%) in the MEC
observed experimentally, as these neurons must represent objects
from multiple viewpoints and distances while handling interactions—
computational demands that align with the challenges animals face in
natural environments. Importantly, Hgydal et al.>* identified this high
proportion using only simple objects, raising an intriguing question for
future research on how MEC represents more complex objects.

Hoydal et al.’s** experiments also highlight a fundamental dis-
tinction between object vector cells and border cells, particularly in
response to suspended objects. While border cells encode barriers
already integrated into the cognitive map, object vector cells respond
to objects regardless of whether they physically constrain movement,
e.g., firing for both grounded and suspended objects. We propose that
this distinction reflects a computational difference: object vector cells
maintain compositional representations that can be flexibly combined
with the map as needed, rather than directly encoding current navi-
gational constraints. This suggests that object vector cells act as a
library of precomputed spatial relationships, ready for integration
when relevant. Their invariance to distance and orientation relative to
their preferred object, in contrast to border cells, supports this
hypothesis. Additionally, previous methods for integrating objects
into predictive maps impose significant computational complexity,
even for simple objects. In contrast, our model naturally scales learn-
ing difficulty with object complexity, making it well-suited for envir-
onments with varying levels of structural detail.

However, while our framework aligns with key experimental
observations, the responses to suspended objects also present a
potential limitation. Since our model assumes that object vector cells
encode predictive relationships based on how objects influence move-
ment, our interpretation that these relationships are nevertheless
latently represented for objects that do not, given their current place-
ment, actually affect movement, remains debatable. Future research is
needed to clarify this issue and further investigate how object vector
cells contribute to flexible cognitive map construction. More broadly,
while our model captures key computational principles of composi-
tional cognitive maps, it does not yet address how agents navigate and
maintain spatial knowledge in dynamically changing environments
where it is initially difficult to adequately ascertain barrier placement.
While the model is capable of building up maps gradually by adding
barriers as they are observed, this may still be insufficient in real-world
scenarios, where visual occlusion and the need to track object perma-
nence pose important challenges for spatial navigation. Extending our
framework to incorporate these elements would require mechanisms
for maintaining and updating cognitive maps when the line of sight is
blocked and for reasoning about occluding objects that may be mova-
ble. Our current focus on establishing core principles of compositional

planning using predictive maps aligns with other influential work on
allocentric mapping in the MEC while abstracting away from the com-
plexities of visual processing, but integrating these aspects remains an
important avenue for future research.

The current theory provides a comprehensive and biologically
realistic computational framework for constructing cognitive maps
useful for model-based planning in the brain. This establishes a foun-
dation for future work investigating the neural substrates underlying
cognitive mapping. Although we have focused on the MEC’s role in
cognitive maps, map making likely involves multiple neural systems
rather than a single localized mechanism. Different systems may con-
struct maps in distinct contexts, like social, emotional, or spatial. While
our framework models interactions between subprocesses of map
making, we do not imply these computations are localized to specific
regions. More realistically, various neural systems participate in dif-
ferent computational subprocesses of cognitive mapping. Overall, our
theory provides a unifying computational account of cognitive map-
ping and model-based planning while remaining compatible with dis-
tributed, systems-level neural implementation. This integrative
approach opens promising directions for examining the neural
mechanisms of how diverse brain areas cooperate to enable efficient
map making, and flexible planning.

Recent work has also highlighted that entorhinal cells often
exhibit joint selectivity to multiple behavioral variables’, raising
important questions about how such mixed selectivity might be
incorporated into our framework. Our model currently focuses on how
objects and barriers modify the transition structure of open space, and
is agnostic to joint selectivity, making this a straightforward potential
extension. Our mapping of PORs to object vector cells is supported by
their abundance in MEC*. Moreover, recent evidence suggests
boundary vector cells”, which are selective to boundaries and exhibit
vectorial tuning (unlike border cells), may play a more substantial role
than previously thought”. Although our model primarily focuses on
object vector cells, it is, in principle, extendable to boundary vector
cells, as both cell types encode vectorial relationships to environ-
mental features and influence the transition structure of open space.
Future work could explore this extension, further refining our under-
standing of how these distinct but related spatial representations
contribute to cognitive mapping.

In this work, we have focused exclusively on navigation problems
where objects and barriers alter the transition structure of physical
space. However, many decision-making problems are framed in more
abstract, discrete state spaces, where the notions of barriers and
objects are less intuitive. Importantly, our proposed model remains
applicable to such scenarios, as it can compute the effects of any
change in transition structure on the predictive map, regardless of the
specific nature of the state space. That said, there are certain classes of
problems that our current framework cannot easily handle in its pre-
sent form. Most notably, our study and the linear RL framework more
broadly, has primarily addressed problems with discrete state spaces,
which limits its direct applicability to classical RL problems involving
continuous state spaces, such as motor control tasks, or problems with
stochastic transitions, such as prey/predators. However, it is worth
emphasizing that the linear RL framework is rooted in the linearly
solvable class of Markov decision processes developed by Todorov***,
which naturally extends to continuous problems. This theoretical
foundation offers a promising avenue for future work to adapt and
expand our framework to continuous domains, with potential appli-
cations in sensorimotor neuroscience.

This work also aligns with emerging theoretical and empirical
research tapping into the neural basis of representation learning, or
how human and other animals construct task representations that
allow efficient decision making’>’*. In particular, our model suggests
that the way that an object or barrier changes the relational structure
of the state space is of primary importance for planning, whereas the
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sensory features of such objects are irrelevant and ignored by our
model’s representations. This is not only compatible with representa-
tions of object vector cells in the MEC as shown here, but it is also
consistent with recent evidence suggesting that neural representa-
tions in MEC and medial prefrontal cortex are relatively invariant to
sensory aspects of task elements””>. While testing representational
models remains challenging, recent advances demonstrate feasibility.
For instance, combining neuroimaging and representational similarity
analysis techniques’®”” has elucidated how the hippocampus and
orbitofrontal cortex encode social cognitive maps™’%”°. Further
developing such techniques will be key to unlocking the computa-
tional principles represented in neural systems. An integrative inter-
play between computational modeling and representation-focused
experimentation will likely offer new insights into the algorithms
underlying cognitive map-making and model-based planning.

Within our model, maps are created by integrating object-related
representations with the basis functions of the open space. This sug-
gests local interactions between object vector cells and grid cells. More
specifically, our approach suggests that the grid cells might receive
inputs from other cell types, such as object vector cells*°. Although the
neural mechanisms underlying the implementation of the proposed
grid code in the MEC are still unclear, recent advances have brought us
to the point where these underlying mechanisms can soon be
elucidated®”®., In particular, new electrophysiological techniques now
enable simultaneous recording of hundreds of MEC neurons during
navigation®2. It would be important to leverage these techniques to
conduct multi-neuronal recordings of different MEC cell types as ani-
mals move through environments containing objects and goals. Ana-
lyzing the interactions between cell types under these conditions
could reveal how the grid code emerges from local microcircuit
computations and whether those are consistent with the quantities
predicted by the model.

Methods

Linear RL

We start with a review of the linear RL model*°, which considers finite-
horizon Markov decision problems with deterministic dynamics, such
as mazes. The linear RL model maximizes long-term gain, defined as a
linear function of the reward for each state. In particular, if r(s) is the
reward in state s, and 1> 0 is a constant called control cost, then gain,
g, is defined as g(s) = r(s) — AKL(r| ). Here, KL(r||m%) is the Kullback-
Leibler divergence between the decision policy, 7, and a default policy
m? (the policy under which the map is made, e.g., a random walk). This
is a measure of how two probability distributions diverge from each
other. Itis zero if m equals 79, and otherwise, it is positive. Throughout
this work, we always assume a uniform default policy, which is
equivalent to moving to all successor (i.e., immediately reachable)
states with equal probability.

It is then straightforward to demonstrate that the optimal value
function for this problem, v’(s), is analytically solvable. (It can also be
viewed as an approximation to the value of the original RL problem,
without control costs.) We start by defining the one-step state transi-
tion matrix, denoted as T. The (i,j) element of T represents the
probability of transitioning from state i to state j under the default
policy (i.e., probability of the action under the default policy that leads
to transition from state i to state j). We further distinguish states into
terminal states (containing goals) and all other nonterminal states.
Next, we define t =T, exp(r;/A), a vector that depends only on the
transition to the terminal state, Ty, and its reward, r;. Now, if v' is the
vector of optimal values across all nonterminal states, then
exp(v' /1) =Dyyt. Here, Dy, is a subblock of the DR matrix, D, corre-
sponding to nonterminal states. The DR is defined as:

D= (diag(exp(—r/A)) = T) 7, “)

where r is the reward vector across all states (assuming, without loss of
generality, that reward at terminal states is not 0). Thus, the DR, D, is a
matrix where the (i,j) element indicates the expected occupancy of
state j, discounted by exponential state rewards (which are negative),
when starting from state i and following the default policy. It differs
from the SR, which represents expected occupancy under the decision
policy (and thus changes whenever the optimal values change, such as
when goals move). The DR matrix D is the main focus of the
current work.

Compositional map making
Suppose that D, is the DR of the open space for a random walk (if one
takes actions randomly according to a uniform transition probability).
In practice, it can be efficiently defined by calculating the DR for a
significantly larger environment and then extracting the DR corre-
sponding to a subregion from the middle. The subregion should be of a
size equivalent to the task environment. We assume that all state costs
are equally given by the constant c. Thus, if T is the transition matrix
under the random walk, I is the identity matrix with size equal to T,
and L, = exp(c)l — T, then Dy =L_].

Now consider an object o that changes the transition matrix to T,,.
It is easy to see that T, can be written as a function of T ,, and two low-
rank matrices:

T,=T,+C,R,, )

where C, and R, are, respectively, S x O and O x S matrices, where O is
the number of states whose transition changed by introduction of the
object, and $>0 is the number of states in the open space environ-
ment. Since the object only changes the transition for states that are
neighbors to one of the states that is blocked by the object, O is
essentially close to the size of the object. Both C, and R, are sparse
matrices with nonzero elements only on rows or columns associated
with the object and its neighbor states. In particular, if {s;,s,, ..., Sp}
represents the set of states whose transitions were affected by the
introduction of the object, the jth column of matrix C, is a binary
vector with its s;th element set to one. Additionally, the jth row of
matrix R, is defined as the s;th row of matrix T, — T.

Now, if L,=exp(c)l - T,=L,, — C,R,, we can use Woodbury
matrix inversion identity® to write D, =L, as a function of D,:

D, =Dy, + Dy C,A R, Dy, (6)

where A, is a O x O matrix representing the POR for the object o. If we
define Z,=R,D,,C,, then A, is given by:

A=(1-2,)" ™

If |Z,| <1, A, is given by Neumann series:

A=Y ZE=HZ 4T3+ + ... 8)
k=0

Thus, A, >~ I+Z, provides a first-order approximation of A,.

Now, let’s consider an environment that includes two distinct
objects, labeled 1 and 2. We assume these objects are distinguished in
such a way that there is no single state whose transition is affected by
both objects. As a result, the lookup table matrices for the composition
of the objects can be expressed as column- and row- concatenation of

their associated matrices, i.e., [C; C,] and “:1}
2

By combining Eqs. 6 and 8, it is easy to see that Eq. 3 provides an
approximation for the DR matrix D of the new environment. This
approximation approaches the exact solution as the distance between
the two objects increases.
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Learning PORs

Equation 3 provides a first-order approximation of the POR for two (or
more) objects. Building on this, we have developed an algorithm for
learning the POR. First, we define matrix Z based on the lookup table
matrices, C and R, for the composition of the two objects. These are
defined as column- and row-concatenation of their corresponding

matrices, i.e.,, C=[C; C,] and R= “:j . Thus, we define Z=CDR. If A

is initially set to I+Z, and O <a <1 is a scalar parameter representing
the step size, we iteratively update our POR estimate, A, using the
following equation:

A< A+a(l+Z - A). ©9)

It can be demonstrated that A consistently converges to the exact
solution, i.e., (1 — Z)™!, with each update, as long as the Neumann series
(Eq. 8) exists for Z, i.e., |Z| <1. In addition, this algorithm is highly effi-
cient for two reasons. Firstly, the initial point provides a strong
approximation of the POR. Secondly, unlike classical temporal-difference
algorithms for updating the SR**, this one operates within the object
space, given that the sizes of matrices A and Z are object-dependent.

Simulation of object vector cells
Our model characterizes object vector cells as encoding the projected
POR, which captures the change in the DR induced by the introduction
of an object into the environment (Eq. 1), i.e., D,=D,,C,A,R,D,.
Specifically, we model object vector cells as a row vector of D, cor-
responding to the specific state, let’s say s, associated with the parti-
cular distance and direction from the object to which the cell is tuned
(due to the vector coding®). Thus, the object vector cell code is given
by the sth row of the D,. For example, an object vector cell tuned to
“north of object” corresponds to the row of the D, matrix representing
that particular spatial relationship. This state-specific encoding aligns
with the vector coding framework proposed for spatial navigation®.
The environment for simulating the object vector cells was cre-
ated by discretizing the plane into a network of triangular lattice
points. It was assumed that every state is connected to any other state
in its vicinity, determined by parameter r. This is equivalent to the
assumption that the width place code is given by r. Additionally, we
assumed that a barrier representation for object vector cells requires
the object to be visible from the agent’s position, aligning with
empirical observations®. This was modeled by assuming that a tran-
sition was possible from the agent’s position to the object’s location
before the introduction of the object, and the object subsequently
obstructed that transition.

Simulation of grid cells

The open space grid map was modeled using the framework and code
developed by Dordek et al.”>. The open space environment consisted
of uniformly distributed 2D Gaussian-shaped place cells, organized in a
grid pattern. The activity of each place cell i at location x was modeled
as a normal distribution with mean ¢; and variance ¢?. The mean
indicates the center of the place field for cell i, while the variance 0?
determines the width of the place field. The place field centers were
uniformly distributed across the environment, and all had the same
width. The activity of N place cells over T time-points was governed by
a random uniform policy dictating the agent’s movement. This pro-
duced an N x T matrix of place cell activities. The eigenvectors were
computed by running an eigendecomposition (or, equivalently, a
principal component analysis) on this matrix. As in Dordek et al.*, a
non-negativity constraint was applied. The first 50 principal compo-
nents calculated using the Oja rule*” were used in our simulations.
Since these components are calculated for the covariance matrix of
place cell activities, we used the covariance matrix as D to calculate G
in Eq. 2.

The task environment for each grid field simulation was created as
a 2D square grid representing the tabular state space. For each task,
barriers were modeled by blocking the corresponding transitions
between states.

Simulation details

For the model simulation in Figs. 1 and 2, we assumed a
20 x 20 square maze environment. The cost for all states was set
to 0.1, with the goal state having O cost. To minimize the effects
of the borders on the open space DR, we first computed the DR
for a significantly larger open space (100 x 100) and subsequently
selected the subsection that corresponds to our maze environ-
ment. The step size in Equation 9 was 0.3. For implementing the
SR, we assumed the reward vector was given (similar to the
assumption for our model), and the algorithm only learned the SR
map using a step size of 0.2. Actions were selected based on a
softmax policy with decision noise of 1. Since this was a finite-
horizon problem (i.e., planning towards a goal state), the dis-
count factor was set to 1. Models that require updating their
representations (such as SR and our Update model) are assumed
to update once per step, similar to typical temporal-difference
algorithms. For all simulations related to object vector cells pre-
sented in Figs. 3-5, the environment size was 20, and r=2 was
used as the place code width. The cost for all states was 0.1.

For grid field simulations, we generally used the same set of
parameters as the open space grid field. For the simulation in
Fig. 6, each compartment was 30 x 30, and ¢ was 0.35. To calcu-
late the sliding spatial correlation, we assumed a box size width of
6, ensuring that its ratio compared to the maze size roughly
resembles that of the original experiment. For the simulation
presented in Fig. 7, the environment was 25 x 25 and ¢ was 0.35. It
was assumed that states at the center of the home cage serve as
terminal states, an assumption not made for the plain box. The
box size for calculating the spatial correlation was 3. The nor-
malized firing rate was computed as the average of fields within
the corresponding distance surpassing a threshold, divided by
the same metric across the entire maze in the open space envir-
onment. The threshold was defined as the average of all grid
vectors in the open space. The grid vectors plotted in Fig. 7F were
normalized by their maximum values, resulting in a range of
values from O to 1. For calculating all spatial correlation maps, all
states at the edge of the environment were excluded.

For the hairpin experiment presented in Fig. 8, the environment
was 20 x 20, and o was 0.35. To calculate the correlation matrix between
hairpin arms, the median correlation across all grid vectors exhibiting a
significant alternating pattern (based on Wilcoxon rank difference) was
computed for each arm. The turning point activity analysis involved
computing the population activity of firing rates within paths containing
a turning point and adjacent bins on both sides. Following the original
study, our focus was on the activity of grid vectors that did not exhibit
alternating patterns when calculating the turning matrix activity. As a
result, the population firing rate was defined as the average of all such
grid vectors. In our simulation, the turning point actually encompassed
four states: one on one side of the barrier, two situated just next to the
barrier but unblocked, and one on the other side of the barrier. The
population activity at the turning point was determined as the median
activity across all four states associated with the turning point. Fur-
thermore, population activity across 12 states along each side of the
barrier was also considered, resulting in vectors with a length of 25. The
resulting population activity matrix was organized as a 25x 9 matrix,
where 9 represents the number of turning points in the environment.
The turning correlation matrix was then calculated by computing cor-
relations across columns of this matrix, resulting in a 25 x 25 matrix. This
analysis was repeated 50 times with different randomization seeds, and
the mean matrices were plotted in Fig. 8f-h.
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For the simulation presented in Fig. 9, the environment was
25 x 25 and o was 0.35. For calculating the number of grid fields moving
closer to the goals, we first calculated the locations around the goal (all
states within a radius of 2.5 of the center of a goal location). The peak
activity near goals per grid vector was defined as the mean of all grid
fields whose value was larger than a threshold. The threshold here was
defined based on the mean normalized activity across all grid vectors,
where the normalized activity is the median of the grid vector divided
by its maximum. Mean number of vectors whose peak activity near
goals was larger after the introduction of goal was the index plotted in
Fig. 9f. The grid score®* was calculated using the code implemented by
Dordek et al.**. The mean of grid scores was calculated across all vec-
tors with an open space grid score exceeding 0.5 and used in Fig. 9g.
For analyzing attraction as a function of distance, we took into account
all active fields, defined as those with normalized activity (ranging
between 0 and 1) exceeding half. The mean distance between the field
peak location and the center of each of the three goals served as the
corresponding distance metric for that active field. For each active
field, the attraction vector was defined if the median activity of the
vector in the vicinity of the peak location increased following the
introduction of the goals, considering any location within a distance of
less than 2.5 as part of the field’s vicinity. The field attraction plotted in
Fig. 9h was defined as the mean of the attraction vector. This analysis
was repeated 50 times with different randomization seeds, and the
mean metrics were plotted in Fig. 9f-h.

The control cost parameter, A, in Eq. 4 was set to 1 for all
simulations.

Reporting summary
Further information on research design is available in the Nature
Portfolio Reporting Summary linked to this article.

Data availability
No new data were collected for this study. Simulated data are provided
along with the code.

Code availability

Analyses were conducted using custom code written in Python and
MATLAB. The codes are available at https://doi.org/10.5281/zenodo.
15811496. The MATLAB code uses the code by Dordek et al.*.
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